ABSTRACT. In this paper, a definition of the fundamental operator for the linear autonomous functional differential equation with infinite delay in a Banach space is given, and some sufficient and necessary conditions of the fundamental operator being exponentially stable in abstract phase spaces which satisfy some suitable hypotheses are obtained. Moreover, we discuss the relation between the exponential asymptotic stability of the zero solution of nonlinear functional differential equation with infinite delay in a Banach space and the exponential stability of the solution semigroup of the corresponding linear equation, and find that the exponential stability problem of the zero solution for the nonlinear equation can be discussed only in the exponentially fading memory phase space.
INTRODUCTION
We consider the functional differential equation with delay -f(t,x,), (1.1) where x,(0) x(t + 0),-o < 0 0, and x takes values in a Banach space E. Because many phenomena in nature which vary in time can be written in the form of (1.1), the study of (1.1) has been a significant and interesting subject. Since the 70s, the theory of the functional differential equation with delay has been developed swiftly, a lot of important results have been obtained (see ]). However, as stated in [1] , most of the papers dealing with this subject require that E be a finite-dimensional space. Therefore, the case when E is an infinite-dimensional space must be researched further.
The main motivation for this paper was a desire to take a step in this direction. We investigated the exponential stability problem for linear or nonlinear functional differential equations with infinite delay whenE is an infinite-dimensional space. A definition of the fundamental operator for the linear autonomous functional differential equation with infinite delay in a Banach space is given in Section 2, which si the generalization of the fundamental matrix (see [1, 3] [9] , there is to 0 such that for ReX > (n(; ))(0) 
for Re. Oo and b E, where o3 > co. According to the same reason as above, we obtain the conclusion. 
where Re c > e.o, we call this operator-value function the fundamental operator of (2.1).
Using the arguments similar to those in [8] , we obtain: THEOREM 2.3. Let (H1)-(H3) or (HI) (H2) (H4) hold, X(t) be the fundamental operator of (2.1). (H6)
The operator-value function L(_,.01(')) mapping ER/ into B( 
ii) The fundamental operator of (2.1) satisfies the equation i"(t) ;(x,), t,,0, where 0 ER_. It implies X(t) is the solution of (3.1), so ii) holds.
REMARK, ii) of Lemma 3.1 implies that the fundamental operator is, the generalization of the fundamental matrix defined by (40) and (41) For any-r <v < v < v < o%
Hence,
which implies that ii) holds.
i"exp(-v(t-))X(t-) exp(-iot)dt
Let X-v + ito, v > -y. From (3.2), for any f E* and b tE E, we obtain
where (., -)1 stands for the inner product of the complex plane, 
EXAMPLES OF PHASE SPACES
If the space B is defined as in Section 2, i.e., it satisfies 011), (H2), (H3) or 011), (H2), (H4), then we call B a phase space. In this section, we shall give some examples of phase spaces and the operators which are satisfying (HS), (H6) or (HS'), (H6). It is easy to verify that B is a Banach space and satisfies (I-I1) 2)-5). Suppose 
